Topological order is often quantified in terms of Chern numbers, each of which classifies a topological singularity. Here, inspired by concepts from high-energy physics, we use quantum simulation based on the spin degrees of freedom of atomic Bose-Einstein condensates to characterize a singularity present in five-dimensional non-Abelian gauge theories-a Yang monopole. We quantify the monopole in terms of Chern numbers measured on enclosing manifolds: Whereas the well-known first Chern number vanishes, the second Chern number does not. By displacing the manifold, we induce and observe a topological transition, where the topology of the manifold changes to a trivial state.
T he Yang-Mills theory is a non-Abelian gauge field theory that includes a higher gauge symmetry than quantum electrodynamics and now forms a cornerstone of the standard model of particle physics (1, 2) . In the Yang-Mills theory, soliton solutions that include monopoles and instantons play a key role, theoretically describing phenomena in high-energy physics (3) . The monopole solutions are sources of non-Abelian gauge fields and give rise to a nontrivial topology.
The physical importance of magnetic monopoles was captured in the seminal work by P. A. M. Dirac (4) . Dirac considered a phase, now known as the Aharonov-Bohm phase, acquired by an electron with charge q e moving around a magnetic monopole and showed that the monopole charge must be q m = nh/q e , where n is an integer and h is Planck's constant. Following from this quantization condition, Gauss's law for the magnetic field B must take a quantized value nh=q e ¼ ∫ S2 B Á dS, which essentially counts the number of magnetic charges inside the manifold S 2 [here S 2 is a closed two-dimensional (2D) surface and dS = n dS (n is a unit vector normal to the surface)]. The integral is topologically robust against deformation of the enclosing manifold as long as the number of monopoles enclosed is unchanged. The field from Dirac monopoles has been observed in a range of physical systems, and the associated topological chargethe first Chern number, often referred to as "the Chern number"-has been measured (5-7). The first Chern number and Abelian monopole field were measured in the parameter space of a spin-1/2 artificial atom (6, 7) , and the Dirac monopole analog was synthesized inside a spinor condensate where the associated spin texture was observed (5) . In quantum mechanical systems, gauge fields such as the electromagnetic vector potential A take central stage (in classical electromagnetism B ¼ ∇ Â A) and are required to understand nature at the most fundamental level (8) . The YangMills theory is a non-Abelian extension of Dirac's magnetic monopole (9) and requires higher-order Chern numbers (higher-order than the first) for its topological characterization.
Here we report on the quantum simulation of a Yang monopole in a 5D parameter space built from an atomic quantum gases' internal states and the measurement of its topological charges by characterizing the associated non-Abelian gauge fields (often called curvatures). To extract the second and higher Chern numbers that result from non-Abelian gauge fields, we developed a method to evaluate the local non-Abelian Berry curvatures through nonadiabatic responses of the system.
Monopole fields and Chern numbers
An N dimensional vector gauge field AðqÞ ¼ ðA 1 ; A 2 ; …; A N Þ, where q ¼ ðq 1 ; q 2 ; …; q N Þ is the position, is said to be non-Abelian when the vector components A m (q) fail to commute, i.e., [A m , A n ] ≠ 0 (m; n∈ f1; …; N g), where m and n label the different vector components. The resulting curvature is given by
where i is an imaginary unit; in three spatial dimensions, the components of the magnetic field B m ¼ D mnl F nl =2, where l is an integer, can be determined from the elements of the F nl matrices (D mnl is the rank-3 Levi-Civita symbol, and we used Einstein's implied summation convention for repeated indices). In analogy to the Gauss's law with electric charges (monopoles), the first Chern number is equivalently the integral
of the magnetic field B or the Abelian field strength F nl over a closed 2D manifold S 2 , where ∧ is the wedge product. The general nth Chern number of a non-Abelian gauge field is the n-wedge product of the non-Abelian curvature
where a n (a 1 = 4p, a 2 = 32p 2 , …) is a normalization factor and S 2n is a closed 2n-dimensional manifold (10) .
Chern numbers provide a topological classification of monopoles in gauge field theories. The monopoles are generally associated with Fig. 1 . Non-Abelian monopole and the appearance of nontrivial topology. (A) The 5D parameter space. The system has a topological defect at the origin, a Yang monopole, providing a source of non-Abelian gauge field. The topological invariant associated with the monopole is the second Chern number, defined on an enclosing 4D manifold. (B) Quantum states can be mapped onto generalized Bloch spheres. An additional Bloch sphere, which defines the wave function within each DS, is required to fully define our systems eigenstates. The 5D generalized magnetization vector G remains parallel with q at adiabaticity, and the leading order correction to the adiabatic changes to q, is a small deflection in G.
a divergence in the field strength and can contribute a unit of flux through any enclosing manifold. This generalized flux is quantized and is given by the Chern numbers. In particular, for Yang monopoles, the first Chern number is zero, but the second Chern number is either +1 or −1 (Fig. 1) .
Many quantum systems can be described by a Hamiltonian Ĥ(q) that depends on position q in parameter space. At each position, the system is characterized by energies E k (q) and eigenstates jkðqÞi, where k∈f1; …; Kg is an index that identifies the eigenstate in ourK -dimensional Hilbert space. A gauge potential called the non-Abelian Berry connection A bg m ðqÞ ¼ ihbðqÞj@=@q m jgðqÞi, where b; g∈f1; …; Kg , is encoded in the wave functions; thus, for any position q, each vector component A m is represented by a matrix. Chern numbers and curvatures can be then defined by Eqs. 1 to 3 for each well-separated energy level.
Because of these gauge fields, an initial quantum state can acquire a geometric phase as the location in parameter space is adiabatically changed. For nondegenerate quantum systems, the resulting geometric phase is called the Berry phase (11) . A quantum state evolving within a degenerate subspace can acquire a Wilczek-Zee geometric phase, a matrix-valued generalization of the Berry phase obtained as the path-ordered line integral of a non-Abelian gauge potential (12) (13) (14) .
Experimental Hamiltonian
We realized a non-Abelian gauge field by cyclically coupling four levels within the hyperfine ground states of rubidium-87 using radio-frequency and microwave fields (Fig. 2, A and B) , essentially forming a square plaquette. The four couplings were parameterized by two Rabi frequencies W A and W B and two phases f A and f B arranged so that the sum of the phases around the plaquette was p. This configuration of control fields, along with a detuning d ¼ jg F jmD B =ħ, where g F is the Landé g factor, m is the Bohr magneton, D B is the shift in the magnetic field from resonant coupling condition, and ħ = h/2p, gave us an experimentally controllable 5D parameter space labeled by the Cartesian coordinates
. In much the same way that a two-level atom in a magnetic field can be understood in terms of three Pauli matrices, our four-level system is governed by the Hamiltonian
where q i andĜ i (i = 1, 2, …, 5) are the ith components of q andĜ andĜ i is represented as the four-by-four Dirac matrices with the hyperfine ground states shown in Fig. 2A taken as the basis. Furthermore, because each of the Dirac matrices commutes with the time-reversal operator, the system has time-reversal symmetry (15); Kramers theorem then implies that the system has two pairs of degenerate energy states, here with energies E T ¼ Tħjqj=2. Thus, each energy, labeled by + or −, has two independent eigenstates j↑ T ðqÞi and j↓ T ðqÞi; each of these pairs define a degenerate subspace (DS). As shown in Fig. 2B , these DSs are characterized by a generalized magnetization vector hGi ¼ ðhĜ 1 i; hĜ 2 i; hĜ 3 i; hĜ 4 i; hĜ 5 iÞ on a unit 4-sphere in our 5D space. Different configurations within each DS share the same magnetization vector, which can be pictured in terms of an additional 3D Bloch sphere (green sphere in Figs. 1 and 2B ). An eigenstate is fully depicted by assigning the two such "Bloch" vectors. The Yang monopole (16, 17) resides at the Hamiltonian's degeneracy point at q = 0, a singular point where the non-Abelian Berry's connection diverges. The non-Abelian Berry's curvatures from our experimental Hamiltonian (Eq. 4) quantum simulates the fields of a Yang monopole.
Quantum control and measurement
We begin by demonstrating the control and measurement capabilities of our system. We first prepared the system in its ground state at the position q 0 ¼ q 0 ðÀ1; À1; 0; 0; 0Þ= circleqðtÞ ¼ q 0 ½À1; Àcosð2pt=T Þ; À sinð2pt=T Þ; 0; 0= ffiffi ffi 2 p shown in Fig. 3A , where T is the full ramp time, and q 0 ¼ jq 0 j ¼ 2p Â 2 kHz.
After preparing the eigenstate
Þ in the ground DS by rotating the control field (15) from the north pole q N = q 0 (0, 0, 0, 1, 0), we measured the state for different evolution times in this nearly adiabatic ramp (Fig. 3B) , and identified the orientation within the DS by performing quantum state tomography, giving the expectation values of the Pauli operatorŝ s i ði ¼ x; y; zÞ in the ground DS at q N . As seen in Fig. 3B , after the control field completed one cycle, the orientation of the state vector within the DS differed from its initial value. After one cycle, the Berry's phase from an Abelian gauge field would contribute only an overall phase, leaving the state vector otherwise unchanged. In agreement with our numerical simulation obtained by solving (15) the time-dependent Schrödinger equation (TDSE) for the Hamiltonian in Eq. 4 (curves in Fig. 3B ), this shows that the observed evolution resulted instead from the Wilczek-Zee phase derived from a non-Abelian gauge field. We then measured hĜ 4 i during this ramp and noted a small deflection of the magnetization of the state vector owing to remnant nonadiabatic effects (Fig. 3C) . In linear response theory, deviations from adiabaticity can be described in terms of the response of the state vector to a generalized forceM m ¼ Àð@Ĥ =@q m Þ=ħ acting on the state (Fig. 1B) . For a conventional Abelian system, the local force at a fixed time (18, 19) 
resulting from parameters q n changing with velocity v n is analogous to the Lorentz force. This relation gives the driving force behind the topological and geometrical charge pumps recently realized in ultracold atoms (20) (21) (22) . In both crystalline and optical lattices, the same relation underlies the anomalous quantum Hall effect (23) (24) (25) .
Owing to the phase symmetry of the system for f A , the generalized geometric force from Eq. 5 is constant for our trajectory, inconsistent with the sign change present in the observed deflection (Fig. 3C) . To account for this discrepancy, Eq. 5 can be extended to accommodate non-Abelian gauge fields, giving the generalized geometric force (15, 26) 
acting on the state, where the expectation value on the right-hand side is taken for a pure state at adiabaticity andF mn is the Berry curvature of the associated degenerate subspace (26) . In contrast to the Abelian case, where the generalized geometric force is simply the product of the local Berry curvature and the velocity, the force in Eq. 6 also depends on the quantum state within the DS. As we saw, even for adiabatic motion, Wilczek-Zee phases can lead to considerable evolution within the DS, making Eq. 6 essential for describing generalized geometric forces. The sign change in Fig. 3C is now explained by the dependence of the geometric force on the state as it evolved within the DS. If the gauge field is Abelian, independent of the state within the DS, the force components should be constant in the spherical coordinate along the path for constant ramp velocity. The sign change reveals that the quantum state acquired a Wilczek-Zee phase from a non-Abelian gauge potential, contributing to the geometric force. Indeed, the solid curves depict the prediction of our TDSE simulations (15) and confirm that the geometric force in our experiment cannot be derived from an Abelian gauge potential.
In general, we can observe the full magnetization of the state vector by carefully measuring the expectation values (15) of all five operatorsĜ i . To demonstrate this capability, we moved along the circle qðtÞ ¼ q 0 ½Àcosð2pt=T Þ; Àcosð2pt=T Þ; Àsinð2pt=T Þ; 0; sinð2pt=T Þ= ffiffi ffi 2 p shown in Fig. 4A , starting from j↑ À ðq 0 Þi [¼ ð ffiffi ffi 2 p j1i À j2i þ j4iÞ=2] at t = 0, and obtained hGðtÞi. Figure 4B shows that hGðtÞi nearly followed the adiabatic trajectory (red curves), almost oriented parallel to q, but slightly deflected owing to the nonadiabaticity [TDSE simulation (15) shown by black curves in Fig. 4B ]. 
Non-Abelian Berry curvatures and Chern numbers
With the ultimate goal of evaluating Chern numbers in mind, we characterized the non-Abelian Berry curvatures on spherical manifolds in parameter space. Accordingly, we adopt spherical coordinates described by a radius q and four angles q 1 ∈ [0, p], q 2 ∈ [0, p/2], f 1 , and f 2 that are related to our experimental control parameter space via W A = q sin q 1 cos q 2 , W B = q sin q 1 sin q 2 , d = q cos q 1 , f 1 = (f A + f B )/2, and f 2 = (f A − f B )/2. After preparing the system in its ground state at q 0 , we measured the deflection along the q 1 direction, while rotating the control field along q T ðtÞ ¼ q 0 ½Àcosð2pt=T Þ; Àcosð2pt=T Þ; ∓sinð2pt= T Þ; 0; ∓sinð2pt=T Þ= ffiffi ffi 2 p by ramping f 1 from 0 to ±p (half-circles in Fig. 5A ). The geometric force M q1 is directly obtained from the deflection of hĜ 4 i. Figure 5B plots the deflection during this ramp for four different initial states (marked by jAi, jBi, jCi, and jDi in Fig. 5D ) within the DS, manifesting the state dependence of the geometric force in the non-Abelian gauge field in contrast to Abelian cases. The net deflection during any given ramp gives the integrated geometric force.
To confirm that our drive was in the linear response regime, we measured the geometric force as a function of ramp time T (Fig. 5C) . From both the data and TDSE simulations (dashed curves), the geometric force (solid curves) is almost linear with respect to velocity for T ≥ 12p/q.
The components of the Berry curvatures can be reconstructed from the integrated geometric force. Owing to the symmetry of our experimental Hamiltonian, the geometric force components must be almost constant in spherical coordinates during the ramp in the linear response regime. By measuring the geometric force experienced by four independent initial states all within the DS, we determined the four independent parameters present in the 2-by-2 matrices describing each element (labeled by b and g) of the representation of the non-Abelian Berry curvature F bg ml . Following this procedure for T ≥ 12p/q, we obtained 2q 2 0Fq1f 1 ¼ 0:01ð3ÞÎ 0 þ ½À0:06ð5Þ; 0:08ð5Þ; 0:98ð3Þ Áŝ, in agreement with the theoretical value, 2q 2 0Fq1f 1 ¼ŝ z (here, Î 0 is the identity operator).
We thoroughly investigated the state dependence of the geometric force by studying the evolution of 225 initial states covering the Bloch sphere of the initial DS (Fig. 5D ). For each initial state, we recorded the deflection after a 250-ms ramp to obtain the Berry curvature component hF q1f 1 i. Figure 5D shows the initial-state Bloch sphere colored according to the curvature; the theoretically computed result (top) is in good agreement with experimental result (bottom).
By changing the path and the direction along which we measure the deflection, other components of the curvatures can be measured. For example, by rotating the control field along q T ðtÞ ¼ q 0 ½Àcosð2pt=T Þ; Àcosð2pt=T Þ; ∓sinð2pt= T Þ; 0; Tsinð2pt=T Þ= ffiffi ffi 2 p by ramping f 2 and evaluating the deflection along the q 2 direction at q 0 , we obtained 2q 2 0Fq2f 2 ¼ À0:08ð3ÞÎ 0 þ ½À0:12ð5Þ; À0:07ð5Þ; 1:00ð3Þ Áŝ, also in good agreement with the theoretical value, 2q 2 0Ff 2 q2 ¼ŝ z . Just as in classical electromagnetism, where the fields from electric or magnetic sources fall off as 1/q 2 , the non-Abelian gauge field strength also follows a 1/q 2 scaling law, as required by the generalized Gauss's law (see Eq. 2) that defines the second Chern number. By repeating the same Berry curvature measurement (F f 2 q2 ) for different q 0 , while keeping 2p/qT = 0.25 constant to remain in the linear response regime, the Berry curvature componentshF f 2 q2 i indeed had the 1/q 2 scaling of a monopole source (Fig. 5E) ; this also suggests that hF f 2 q2 i diverges at q→0.
Taken together, these fields provide sufficient information to extract the second Chern number of a 4-sphere with radius q 0 . We evaluate the second Chern number using the relation
where S 4 defines the 4-sphere and d 4 S = sin 3 q 1 sin 2q 2 dq 1 dq 2 df 1 df 2 . Equation 7 relies on the rotational symmetry of Ĥ(q), which gives the numerically confirmed (15) previous section, we directly obtained C 2 ¼ 2q 4 0 tr½F q1f 1 ðq 0 ÞF f 2 q2 ðq 0 Þ ¼ 0:97ð6Þ for the ground state, consistent with the theoretical value C 2 = 1. We repeated the measurements for the excited state and found C 2 ¼ 2q 4 0 tr½F f 1 q2 ðq 0 ÞF f 2 q1 ðq 0 Þ ¼ À0:93ð6Þ, also in agreement with the theoretical value C 2 = -1. These nonzero Chern numbers inform us that the manifold is topologically nontrivial.
Because the system is time-reversal symmetric, the first Chern form is zero, and therefore Eq. 3 for the first Chern number should be zero for both degenerate manifolds. Indeed, all the measured non-Abelian Berry curvatures were traceless (q 2 0 tr½F f 2 q2 ¼ À0:08ð3Þ and q 2 0 tr½F q1f 1 ¼ 0:01ð3Þ for the ground state, and q 2 0 tr½F q1f 2 ¼ À0:02ð3Þ and q 2 0 tr½F f 1 q2 ¼ 0:00ð3Þ for the excited state), so that the first Chern number, which is the surface integral of the trace of the individual curvatures, was also zero. Thus, the nontrivial topology of the monopole field is not expressed by a first Chern number.
Topological transition
We concluded our measurements by inducing a topologically nontrivial-to-trivial transition of the manifold by displacing the 4-sphere in parameter space from the origin by an amount q offset = q offset (q 0 /q 0 ) (Fig. 6A) . The topological transition occurs at the critical displacement q crit = q 0 when the Yang monopole departs the manifold. Figure 6B shows our observed transition of the second Chern number from ±1, for the ground and excited states, to zero as the offset coupling q offset was increased. This transition is associated with the topology of the manifold changing from topologically nontrivial to trivial. The smoothness of the observed transition was caused by the breakdown of the linear response near the transition point. Our theory [continuous curves in Fig. 6B , and see (15) ] shows that slower ramps enlarge the region in which linear response is valid and make the transition sharper (Fig. 6B) . Topological transitions have been observed in a range of experiments (6, 7, 25) ; however, in all of these cases, the observed topological phases were only identified by a Dirac monopoles' first Chern number and enclosing 2D manifolds. By contrast, in our system, the first Chern number is zero everywhere and the second Chern number characterizes the topological phase, arising from a Yang monopole at the origin of parameter space. The opposite topological charges observed in the ground or excited manifolds result from a monopole in one manifold acting as an antimonopole in the other. With these Chern number measurements, we confirmed that the engineered topological singularity in our system indeed simulated a Yang monopole.
Discussion and outlook
Our work can be extended to other quantum systems, including ions, thermal atoms, and superconducting qubits. The Chern number characterizes a source of gauge field with high symmetry, a symmetry that naturally arises in particle physics in contexts such as quantum chromodynamics.
The monopole field and the second Chern number have been discussed theoretically in the context of 4D quantum Hall effect (4DQH) (27, 28) , spin-Hall effect (29) , exotic charge pumping (30) , and fermionic pairing (31) in condensed matter systems. The model we explored experimentally is equivalent to the (4 + 1)-D lattice Dirac Hamiltonian relevant to 4DQH. The 4DQH is a generalized quantum Hall effect and is the root state of a family of topological insulators, which are obtained by a dimensional reduction procedure (32) . The observed transition in Fig. 6B can be regarded as the type of phase transition present in the band topology of 4DQH systems. A conformal mapping from a 4D spherical manifold in parameter space to a 4D crystal momentum space, 4-torus, directly recasts our Hamiltonian as the Dirac Hamiltonian.
Our observation lays the groundwork for simulating objects in high-energy physics with atomic quantum systems. Lattice extensions of our work, where lattice sites or bands play the role of spin states, may allow quantum simulation of emergent many-body dynamics with non-Abelian gauge fields with highly controllable ultracold quantum gases systems (33-36).
of 6
Fig. 6 . Topological transition from a Yang monopole. (A) Schematic illustration of the topological transition. Suitable spherical manifolds with radius q 0 were offset from the origin by q offset to evaluate both C 1 and C 2 . At the critical value (q crit = q 0 ), the monopole exits the manifolds. (B) Chern numbers extracted from experiment. When the manifold crossed q crit = q 0 , jC 2 j decreased from unity to zero (top panel), whereas C 1 was constantly zero for both the ground (red) and the excited (blue) states (bottom panel). Numerical simulations (solid lines; T = 3, 10, and 50 ms) and analytic theory (dash-dot lines) are also shown. The data were taken for T = 3 ms.
